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In this paper we prove that the vertex algebra is rational if L is 
a negative definite even lattice of finite rank , or if L is a non-degenerate 
even lattice of a finite rank that is neither positive definite nor negative 
definite. In particular, for such even lattices L, we show that the Zhu 
algebras of the vertex algebras are semisimple. This extends the 
result of Abe from |A2] which establishes the rationality of when L 
is a positive definite even lattice of finite rank. 



1 Introduction 

The vertex algebras are one of the most important classes of vertex alge- 
OO ■ bras along with those vertex algebras associated with lattices, affine Lie alge- 

^ ! bras and Virasoro algebras. They were originally introduced in the Frenkel- 

^ \ Lepowsky-Meurman construction of the moonshine module vertex algebra 

(X) \ (see |FLM] ). The study of the representation theory of began with the 

O ■ case when L is a positive definite even lattice. In this case, the classifica- 

tion of all irreducible V^-modules, and the study of the complete reducibility 
^ , property of V^-modules was done by Abe, Dong, Jiang, and Nagatomo (see 

[Xn IX2I lADl [PJl IDNlj ). When L is a rank one negative definite even lat- 
tice, the classification of irreducible V^^-modules was completed by Jordan 
in [J]. Later, in |Yj, the author classified all irreducible l^-modules for the 
case when L is a negative definite even lattice of arbitrary rank, and when L 
is a non-degenerate even lattice that is neither positive definite nor negative 
definite. 

In this paper, we continue our study of the representation theory of 
when L is a negative definite even lattice of finite rank and when L is a non- 
degenerate even lattice that is neither positive definite nor negative definite. 
We prove here that is rational in these cases. The main idea of the proof 



^E-mail: gyamsku@ilstu.edu 



1 



is to show that the Zhu algebras A{Vj]') are semisimple. Note that a vertex 
algebra V is called rational if any V^-module is completely reducible. 

This paper is organized as follows. In Section 2, we review the necessary 
background material. In particular, we recall the construction of irreducible 
V^-modules and recall certain facts about the Zhu algebras A{V^) when L is 
a negative definite even lattice of a finite rank and when L is a non-degenerate 
even lattice that is neither positive definite nor negative definite. The proof of 
the rationality of in these cases is contained in section 3. 

2 Preliminaries 

First, we discuss relationships between vertex algebras and Zhu algebras. Next, 
we recall the constructions of irreducible V^- modules, and review the Zhu 
algebras A{V^) when L is a negative definite even lattice of a finite rank and 
when L is a non-degenerate even lattice that is neither positive definite nor 
negative definite. 

2.1 Relationships between Vertex Algebras and Zhu al- 
gebras 

Definition 2.1. JLL^ A vertex algebra V is a vector space equipped with a 
linear map Y{-,z) : V — > (End V")[[2;, 2;^-^]], f h-> Y{v,z) = J2nei.'^nZ~"'~^ and 
a distinguished vector 1 ^ V which satisfies the following properties: 

1. UnV = for n >> 0. 

2. Y{l,z) = idy. 

3. Y{v,z)l eV[[z]] and\im,^oY{v,z)l = V. 
4- (the Jacobi identity) 

= ^-i5(^^l_^^ Y{Y{u,zo)v,Z2). 

We denote the vertex algebra just defined by (V, F, 1) or, briefly, by V . 
Definition 2.2. A Z-graded vertex algebra is a vertex algebra 

V = ©„gzK; for V eVn, n = wt v, 
equipped with a conformal vector a; G V2 which satisfies the following relations: 
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[L{m),L{n)] = (m — n)L{rn + n) + -^{m? — m)5m+n,oCv for m, n G Z, 
where cy G C (the central charge) and 



Y{u,z) = Y,L{n)z-~'[ = Y, 



LUm.Z 



• L(0)f = nv = (wt v)v for n G Z, anc? f G V"„; 
. F(L(-l)i;,z) = fF(t;,;2). 

For the rest of this subsection, we assume that V is a Z-graded vertex 
algebra. 

Definition 2.3. JDLM^ A weak V-module M is a vector space equipped with a 
linear map Ym{-,z) : V (End M)[[z]],v t— > Ym{v,z) = X^nez '^^-^'"^"'^ which 
satisfies the following properties: for v,u ^ V , and w ^ M 

1. VnW = for n » 0. 

2. Fm(1,^) = ^dM. 

3. (the Jacobi identity) 

Zq^S (~^7~^) ''^m{u,Zi)Ym{v,Z2) - Zq^6 Ym{v,Z2)Ym{u, Zi] 

-It I Zl — Zq 



= Z2 S \^ — j Ym{Y{u,zo)v,Z2). 

Definition 2.4. An irreducible weak V-module is a weak V-module that has 
no weak V -submodule except and itself. Here, a weak sub-module is defined 
in the obvious way. 

Definition 2.5. JDLMJ An (ordinary^ V-module is a weak V-module M which 
carries a C-grading induced by the spectrum of L{0). Then M = (B\£cM\ 
where M\ = {w E M|L(0)u; = \w}, and dimM^ < oo. Moreover, for fixed \, 
Mn+\ = for all small enough integers n. 

Definition 2.6. \DLM^ An admissible V-module M is a 7j>Q-graded weak V - 
module M = ©„gz>o^(^) sfic/i that VmM{n) C M(n + wtt> — m — 1) for 
any homogeneous v E V and m,n E "Z. Here, Z>o is the set of nonnegative 
integers. 

An admissible V -submodule of M is a weak V -submodule N of M such that 
N = ®n&>,Nf\M{n). 

Definition 2.7. An irreducible admissible V-module is an admissible V-module 
that has no admissible submodule except and itself. 
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Definition 2.8. A vertex algebra V is called a rational if every admissible 
V -module is completely reducible, i.e., a direct sum of irreducible admissible 
V-modules. . 

Proposition 2.9. JDLM \^ 

1. Any ordinary V-module is an admissible V -module. 

2. For any irreducible admissible V-module M, there exists a complex num- 
ber A such that M = ©J^QM(A+n) where M(A+n) is the L{0)-eigenspace 
of the eigenvalue A + n. We call A the lowest weight of M. 

Next, we will define a Zhu algebra and we will discuss the relationships 
between the Zhu algebra and a vertex algebra. 

For a homogeneous vector u E V, v E V, we define products u*v, and uov 
as follow: 



Then we extend these products linearly on V. We let 0{V) be the linear span 
of u o V for all u,v E V and we set A{V) = V/0{V). Also, for v E V, we 
denote v + 0{V) by [v]. 

Theorem 2.10. 

1. {A{y),*) is an associative algebra with the identity [1]. Moreover, [uj] is 
a central element of A{y). 

2. The map M M(0) gives a bisection between the set of equivalence 
classes of irreducible admissible V-modules to the set of equivalence classes 
of simple A{V)-modules. 

We denote by P{V) the set of lowest weights of all irreducible admissible 
V -modules. The following is a key proposition. 

Proposition 2.11. JAl^ If the Zhu algebra A{V) is semisimple, and (A + Z+)n 
P{V) = for any A G P{V), then V is rational. Here, Z+ is the set of positive 
integers. 
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2.2 Vertex algebras V^, M(l)+ and their Zhu algebras 

First, we will discuss the construction of the vertex algebras M{1)~^, and 
irreducible V^-modules. Next, we will review some information about the Zhu 
algebras v4(M(l)+) and Aiy^). 

We will follow the setting in [FLM] . Let L be a non-degenerate even lattice 
of a rank d. We set L be the canonical central extension of L by the cyclic 
group (k) of order 2. We let e : L ^ L be a section such that cq = 1 
and we let e : L X L — >• (ft) be the corresponding 2-cocycle. We assume 
that e is bimultiphcative. Then e(a, /3)/e(/3, 

e(/?, 7)e(a, /? + 7), and eaC/? = e{a, P)ea+i3 for 7 G L. Let 9 denote an 
automorphism of L defined by 9{ea) = e-a and 6{k) = k. Furthermore, we set 
K = {a-^e{a)\a G L}. 

We define Vl = M{1) ® C[L] where M(l) is the Heisenberg vertex operator 
algebra associated with [) = C L and C[L] is the group algebra of L with 
basis vectors e° for a G L. Note that C[L] is an L-module under the action 
CaC^ = e(a, /3)e""'"^. It was shown in [HI IFLMt [G] that Vl is a Z-graded simple 
vertex algebra. Moreover, M(l) is its Z-graded vertex sub-algebra. 

Next, we define a linear automorphism 6 : Vl ^ Vl hj 

e(/3i(-ni)/?2(-n2)..../5fc(-nfc)e") = (-l)^/3i(-ni)..../?fc(-nfe)e-". 

Consequently, 6'y(f,z)M = Y{9v, z)9{u) for M,f G V/,. In particular, 9 is an 
automorphism of Vl and M(l). 

For any stable 6'-subspace U of Vl, we denote a ±1 eigenspace of U for 9 
by f/±. 

Proposition 2.12. IDMf M(l)+ and are simple Z-graded vertex algebras. 

Remark 2.13. V^ is not an admissible module of itself when L is not a 
positive definite even lattice. 

We let and M{1){9) be the ^-twisted Heisenberg algebra and its 

unique irreducible module, respectively. We set x be a central character of 
L/K such that xl'^) = —1 and we let be the irreducible L/K-modu\e with 
central character x- We define ~ ® ^x- Note that Vj^^ is an 

irreducible 6'-twisted V^-module (cf. [D | IFLMj ). 

We define an action of 9 on M{1){9) and V^^ in the following way: 

9il3ii-n,)/32i-n2)....Pki-nk)'i-) = (-l)'=/3i(-ni)..../3,(-nfc)l, and 
9i/3,i-m)/3,i-n2)....(3ki-nk)t) = (-I)^f3,(-n,)....f3ki-nk)t). 

for (3i e i), Hi e I + Z>o and t G T^. We denote by M{1){9)^ and l/J'^'^ the 
±l-eigenspace for 9 of M{1){9) and V^^, respectively. 
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Theorem 2.14. /Yj/ Let L be an even lattice of a finite rank. Suppose that L 
is either a negative definite lattice or a non- degenerate lattice that is neither 
positive definite nor negative definite. Then the set of all irreducible admissible 
-modules is 

{ V^^' \ is irreducible L/K — module with central character x 
such that = — 1 } 

Corollary 2.15. Assume that L is a rank d non- degenerate even lattice. If L 
is either a negative definite lattice or a non- degenerate lattice that is neither 
positive definite nor negative definite, then P(V^) = ^^}. 

Next, we recall the Zhu algebras of M{1)^ and when L is a negative 
definite even lattice and when L is a non-degenerate even lattice that is neither 
positive definite nor negative definite. 

We let L be a rank d even lattice with a nondegenerate symmetric Z-bilinear 
form (•,■). We set f) = C ®z L and extend (■, ■) to a C-bilinear form on 1). Let 
{/ia|l < a < c?} be an orthonormal basis of f), and set uja = ojh^ = |/ia(— 1)^1 
and Ja = ha{-iyi-2ha{-3)ha{-l)l + lha{-2fl. Note that vectors a;^, and 
Ja generate a vertex operator algebra M(l)'*" associated to the one-dimensional 
vector space Cha- 

Following [ADJ, we set Sabijn^n) = ha{—m)hh{—n)l, and define i?^^, i?*^, 
and Aab as follows: 

= 5Sabil,2) + 25Sab{l,3) + 36Sab{lA) + lGSab{l,5) (a^b), 

Ei^ = e:,*ei, 

El, = -16(3^,,(1,2) + 14^,,(1,3) + 19^,5(1,4) + 8^,,(1,5)) (a ^ 6), 

Kb = 455,,(1, 2) + 1905,,(1, 3) + 2405,6(1, 4) + 965,^(1,5). 
Proposition 2.16. IDN^ For any 1 < i,j,k,l < d we have [E^] * [El^] = 

Let A^, and A* be the linear subspaces of /1(M(1)+) spanned by [i?^^] and 
[E^jj], respectively. Here, 1 < a,b < d. 

Proposition 2.17. fPN^ 

1. The spaces A^ and A^ are two sided ideals of A{M{1)^). Moreover, ideals 

A", A\ the unit /" = Eti[^*"] «/^" unit P = E»ti [^ii] o/^* 

are independent of the choice of an orthonormal basis. 

2. There are algebra isomorphisms between and EndM(l)~(0), and be- 
tween A^ and End M(l)(6')~, respectively. In particular, under the basis 

{/ii(-l)l,...,/irf(-l)l} 
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of M(l) (0), each [E^f^] corresponds to the matrix element Eat whose 
{a,b)-entry is 1 and zero elsewhere. Similarly, under the basis 

{h{-l)l,...,h,{-l)l} 

of M{1){6)~ {0) , each [i?*^] corresponds to the matrix element Eat whose 
{a,b)-entry is 1 and zero elsewhere. 

3. The Zhu algebra A{M{1)^) is generated by [uja\, [Ja\ for 1 < a < d, [Aab] 
forl<a^b<d and [E'^i,], [E^J forl<a,b< d. 

4. The quotient algebra A{M{1)^) / {A^ + A^) is commutative. Furthermore, 
it is generated by the images of [uja], [Ja\ for 1 < a < d and [Aab] for 
\<a^b<d. 

For any a G L, we set 

= M(l)+ ® © M{\)- ® 

and 

A{Vt){a) = iV^[a] + 0iV^))/0iV^). 

Here, = + e"", and F° = - e"". Note that A{V^) is the sum of 
A(y^){a) for all a G L. For a Z-graded vertex sub-algebra U of V^, the 
identity map induces an algebra homomorphism from A{U) to A{V^). For 
u & U, we use [u] to denote u + 0{U) and u + O(V^). 
Next, we recall several results in [Yj . 

Proposition 2.18. JYj Let L be a negative definite even lattice of a finite rank 
d. In A{y^), we have the following. 

1. For any indices a,b, we have [i?^^] = and [Aab] = 0. 

2. For a & L — {0}, we let {hi, hd} be an orthonormal basis of () such 
that hi G Ca. Then 

(a) [Ei,] * [E^] = [E-] * [E'J ifa^landb^l. 

(b) [E{,] * [E-] = -j^AE"-] * IK] ^fb^l- 

(c) [El] * [E»] = -{2{a,a) - * [El] zfb^l. 

(d) [E*J * [E-] = [E-] * [El] forae{l,...,d}. 

3. Let P be the unit of the simple algebra A*. Then for any a & L, = 
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4- For any a G L, we have 

A{V+){a) = spanc{[u]*[E'']\ue M{iy} 
= spanc{[E'^]*[u]\ue M {!)+}. 

5. Let a E L — {0}. We set {hi, h^} be an orthonormal basis of f) such 
that hi G Ca. Then 

[Ha] = m - l[El] + ^[El,] for a E {2, d}. 

Proposition 2.19. JY^ Let L be a non- degenerate rank d even lattice that is 
neither positive definite nor negative definite. In yl(V^), we have the following. 

1. For any indices a,b, we have [i?^^] = and [Aab] = 0. 

2. For a E L such that {a, a) ^ 0, we let {hi, ...,hd\ be an orthonormal 
basis of i) such that hi E Ca. Then 

(a) [Ei,] * [E-] = [E-] * [E^,] zfa^landb^l. 

(b) [EU * [El = * [EU zfb^l. 

(c) [El] * [El = -(2(«,«) - 1)[E"] * [El] ifb^l. 

(d) [EU * [E-] = [E-] * [El] for aE{l,...,d}. 

3. Let /* be the unit of the simple algebra A*. Then for any a E L such that 
(a, a) ^ 0, we have /* * [E"] = [E"] * /*. 

4. Let a E L such that {a, a) 7^ 0. We set {hi, hd} be an orthonormal 
basis of i) such that hi E Ca. Then 

[H^] = [Hi] - ^[El] + ^[Eli] for a E {2, d}. 

5. For any a E L such that {a, a) 7^ 0, we have 

= spanc{[u]*[E'']\uE M{1)+} 
= spanc{[E'']*[u]\uE M {!)+}. 

6. Let a E L — {0} such that {a, a) = 0. Then there exists (3 E L such that 
{p,P) < 0, {a, (3) < 0, andA{V^){a) C A{V^){a + 213). 

1. Aiy^) is spanned by A(V^)(0), and A{y^)[a) for all a E L such that 
{a, a) 7^ 0. 
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3 Rationality of the vertex algebra when L 
is a nondegenerate even lattice of arbitrary 
rank 



Let L be a nondegenerate even lattice of a finite rank d. If L is positive definite, 
then it was shown in [Ml E2] that is a rational vertex algebra. In this 
section, we will extend this result to other cases. 



3.1 Case I: L is a negative definite even lattice 

In this subsection, we will prove that the vertex algebra is rational when 
L is a negative definite even lattice. The key idea is to show that the Zhu 
algebra A(y^) is semisimple. 

For the rest of this subsection, we assume that L is a negative definite even 
lattice. Following [DJj , we set 

a) — I 

for a E L — {0}, and [i?o] = /*• Here, is defined with respect to an 
orthonormal basis {ha\l < a < rf} of f) such that hi G Ca. Clearly, for 
i G {!,..., d}, we have 

1. [El^] * = 2<"'">-i[E*^.] * [E"] when j e {2, d}, and 

2. [El,]*[B^] = -l^,[El]*[E'^]. 

Lemma 3.1. For 1 < a,b < d, a e L, * [Ba] = * [E^abl- 

Proof. This follows immediately from Proposition 12.181 □ 

Next, we let = Spanc{[E^ab\ * i^a] \ I < a,b < d, a e L}. We then have 
the following. 

Theorem 3.2. 

1. is a 2-sided ideal o/A(V^+). 

2. A'l is a semisimple associative algebra. In particular, A\ is isomorphic 
to A^ ^^^[L/ K]/ J where C[L/K] is the group algebra of L/K and J is 
the ideal of C[L/K] generated by kK + 1. 
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Proof. 1. follows immediately from Propositions 12.171 12.181 and Lemma 13.1 [ 
For 2., we will show that ^ A^0C[L/K]/J where J is the ideal of C[L/K] 
generated by kK+I. Clearly, is an A*-module and = A*-A*j^. Moreover, 
A\ is a direct sum of M{1){9)^ . By following the proof of Lemma 3.15 of |Y] . 
we then have that [Ba\ * [Bp] = e{a, P)[Ba+p] for a,P & L. Notice that a 
linear map : L ^ defined by i'{ea) = [Ba] and = —J* induced 

a linear map ip : L/K ^ A\^ since 6{ea) = e_Q, and B^ = -B-a- Moreover 
i/j induced an injective algebra homomorphism from C[L/K]/J into and 
an algebra isomorphism from A* ® C[L/K]/J onto . Consequently, A\^ is 
semisimple. □ 

Corollary 3.3. The set of all irreducible A'l-modules is 

{ 1/2) ® I are irreducibles L/K — modules 

with central character x such that ^(^(k)) = —1 }. 

Here, f)(-l/2) = {h{-l/2)\h G P)}. Note that these P|(-l/2) O are also 
irreducible A{V^) -modules. 

Proof. It follows immediately from Theorem 13. 2[ □ 

Next, we set 

AiVt) = A{V^)/Ai. 

For a G A{V^), we will conveniently denote its image in A{V^) by a. Clearly, 
V^^'~^ (0) is a y4(V^) -module. Here, is an irreducible L/ K-modn\e with 
central character x such that ^(^(k)) = —1. 

Theorem 3.4. A{V^) is semisimple. In fact, it is isomorphic to C[L/K]/J 
where J is the ideal ofC[L/K] generated by kK + 1. Consequently, 

{T^ I Ty^ are irreducibles L / K — modules 

with central character x such that ^(^(k)) = — 1 } 

is the set of all irreducible A{V^) -modules. Note that these are also irre- 
ducible A{Vj^) -modules. 

Proof. Recall that there are identity maps from A{M{1)~^) into A{V^) and 
A(V^) into AiV]^) for a G L — {0}. By following the proof of Lemmas 3.8, 
3.9 in we will obtain that every element in A{M{1)'^) is a constant in 
A{Vj]'). In particular, [ua] = jq and [Ha] = ^ in A{V^) for all a G {1, ...,d}. 

Moreover, for a G L, m G M{1)~^, [E°'] commutes [u] in A(y^), and A{V^) is 
a direct sum of M(l)(^)+(0). Since A{V^){a) = spanc{[u] * G M(1)+} 

for all a G L, we can conclude that 

A{V+) = spanc{[E''] + G L}. 
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Next, for a G L - {0}, we set = 2<"'">-iE" and Bo = 1. By following 
the proof of Lemma 3.11 in [YJ, we can show that in A{Vj]'), [Ba] * [Bp] = 
e{a, P)[Ba+(3] for a,P E L. Let (p : L ^ ^(Yl) be a linear map defined by 
= [Ba] and = — 1 + A^. Then induces an algebra isomorphism 
from C[L/K]/ J onto y4(V^). This implies that A{V^) is a semisimple algebra. 

□ 

Corollary 3.5. Let M be an A{V^) -module such that A^m = for all m G M. 

Then M is an AiV^) -module. Furthermore, M can he rewritten as a direct 
sum of irreducible A{V^) -modules. 

Proof. This follows immediately from Theorem 13.41 □ 
Lemma 3.6. The Zhu algebra A{V^) is semisimple. 

Proof. Let M be an y4(V^)-module. We will show that M can be rewritten as 
a direct sum of irreducible y4(V^)-modules. 

case 1: A^m = for all m G M. 

Then it follows immediately from Corollary 13.51 that M is a direct sum 
of irreducible y4(V^)-modules. 

case 2: A^m ^ for some m G M. 

First, we will show that M contains a simple y4|^-module. Let m E M 
such that A^m ^ 0. Clearly, A^m is an A^^-module. By Theorem 13.21 we 
can conclude that A^m is a direct sum of irreducible A^-modules which 
are also irreducible y4(V^)-modules. Consequently, M contains a simple 
A^-module. 

Next, we will show that M is semisimple as an A(V^)-module. We set 
be the direct sum of all irreducible A^-submodules of M, and we set 

M° = {m G M|A*m = 0}. 

Note that is a sum of irreducible y4(V2^)-modules (cf. Corollary 13.31) . 
Also, M° is an y4(V^)-submodule of M since A* is a 2-sided ideal of 

AiMilY) and for m G M°, v G A\ 

H-([E"]-m) = ([i;]*/*).([E"].m) = {\v\*\E'^\)\P -m) = for all a e L. 

Let u e M - N. We will show that u G M°. If A^u ^ then A^u is 
direct sum of simple A^-submodules of M. This implies that C A^ 
and u E N. This is impossible. Hence A^u = 0. Furthermore, u G M°, 
and M - A^ C M°. Consequently, M = N + By Corollary ESI we 
can conclude that M is a sum of irreducible y4(V^)-modules. 
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Consequently, A{V^) is semisimple. 

□ 

Corollary 3.7. Every A{V^)-module is semisimple. 

Theorem 3.8. If L is a negative definite even lattice of a finite rank then the 
vertex algebra is rational. 

Proof. It is a consequence of Proposition 12.111 Corollary 12.151 and Lemma 
ESI □ 

3.2 Case II: L is a non-degenerate even lattice that is 
neither positive definite nor negative definite 

Following Subsection 3.1, we will prove that the vertex algebra is rational 
when L is a non-degenerate even lattice that is neither positive nor negative 
definite by showing that the Zhu algebra A(V^) is semisimple. 

For the rest of this Subsection, we assume that L is a non- degenerate even 
lattice that is neither positive definite nor negative definite. Next, for every 
a G L, we set [B'^] in the following way: 

1. if a G L such that {a, a) ^ 0, we let 

Here, El^ is defined with respect to an orthonormal basis {ha\l < a < d} 
such that hi G Ca. 

2. if a G L — {0} such that (a, a) = 0, we define 

IK] = li'*lE'] 

Here, 7, /3 G Lq such that a = 7 + /5, (7,7) > 0, < 0, and 

(7,/3) = 0. Moreover, El^, EI2, EI2, E\^ are defined with respect to an 
orthonormal basis {ha\l < a < rf} so that hi G C7, /i2 G C/5. 

3. We set [B'^] = [/*]. 

Remark 3.9. Let a E L such that {a, a) = —2k. It was shown in that 
= (1 - 2A;)2^'=+^ + k2^''+^[uJo]. Hence [B'^J = 1 on vf'^'"(0) for any x- 
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Similar to Subsection 3.1, we have that for a G L such that (a, a) 7^ 0, and 
for i G {1, (i}, 

1. [E\^] * [B'^] = 2<"'°)-i[E*^.] * [E"] when j G {2, 4, and 
Furthermore, we have the following. 

Lemma 3.10. For 1 < a,b < d, a E L such that {a, a) 7^ 0, [-E'*^] * [B'^] = 
Next, we let 

A'l = Spanc{[E'J * [B'J \ 1 < a, 6 < rf, a E L}. 

Notice that is an y4*-module. Therefore, is a direct sum of M(l)(5)~(0), 
and for a E L such that (a, a) < 0, we have [B'2^] = 1 in A^. 

Lemma 3.11. Let a E L — {0} such that {a, a) = 0. Then 

1. there exists (3 E L so that {^,(3) < 0, {a, 13) < and [B'^ = [-6^+2/3] ■ 

2. Forl<a,b< d, we have [E'J * [B'^] = [B'J * [E'J. 

Proof. The proof of the first statement is very similar to Lemma 4.7 of |Y] . 
Let a E L — {0} such that {a, a) = 0. By Proposition I2.19[ we can conclude 
that there exist (3 E L, and u E such that {(3,(3) < 0, {a, (3) < and 
m = M * [BU2p]- Since [B'J = [B'J * [B',^] = [B'^^,^] on Vf--(O) for any 
X, we can conclude that [u] = [/*] and [B'^] = [B'^^2f3] ^l- 

2. is a consequence of 1.. □ 

Theorem 3.12. A{ is a 2-sided ideal of A{V^) and A\ = A* C[L/K]/J 
where £-[L/K] is the group algebra of L/K and J is the ideal of<C[L/K] gen- 
erated by kK + 1. Furthermore, 

{ [)(— 1/2) I are irreducibles L/K — modules 

with central character x such that = — 1 } 

is the set of all irreducible A'^-modules. Note that these [)(— 1/2) Cg)T^ are also 
irreducible A{V^) -modules. 

Proof. By Proposition 12. 191 Lemma [3. 101 and Lemma [3. Ill one can easily show 
that A'l is a 2-sided ideal of A{V^). Next, by following the proof of Theorem 
Ostep by step, we will obtain that A^ = A* ®c C[L/K]/J. The rest of the 
Theorem is clear. □ 
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Following the Subsection 3.1, we set 

Theorem 3.13. A(y^) is semisimple. In fact, it is isomorphic to C[L/K]/J 
where J is the ideal of C[L/K] generated by kK + 1. Consequently, 

{T^ I are irreducihles L/ K — modules 

with central character x such that = ^1 } 

is the set of all irreducible AiV^) -modules. Note that these are also irre- 
ducible A{y^) -modules. 

Proof. The proof is very similar to the proof of Theorem 13.41 □ 

Corollary 3.14. Let M be an A{V^)-module such that A^m = for all m G 

M. Then M is an A{V^)-module. Furthermore, M can be rewritten as a 
direct sum of irreducible A{Vj^) -module. 

Lemma 3.15. The Zhu algebra A{V^) is semisimple. 

Proof. The proof is very similar to Lemma 13.61 □ 

Theorem 3.16. If L is a non- degenerate even lattice of a finite rank that 
is neither positive definite nor negative definite then the vertex algebra is 
rational. 

Proof. It is a consequence of Proposition 12. IH Corollary 12.151 and Lemma 

Km □ 
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